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1. Introduction — Transformer Circuits Thread
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1. Introduction — What is Circuit?
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« It seems complex at first glance, but knowing each part's role makes it understandable.



1. Introduction — What is Circuit?
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The OV (“output-value”)
circuit determines how
attending to a given
token affects the logits.
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The QK (“query-key”)
circuit controls which
tokens the head prefers
to attend to.
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« This is an attempt to view the Transformer as a circuit and analyze how each component

affects the logits.



1. Introduction — Model Simplifications

Toy Transformers

At most two layers (0, 1, 2)
= More than two layers will be talked in Week 4 (In-context Learning and Induction Heads)
Attention-Only (No MLPs)

» The authors emphasized the importance of the MLP layer, but excluded it due to difficulties in

Interpretation.

Get rid of layer normalization

No biases
= The bias term was omitted, as it can be incorporated by extending the weight with an additional

dimension.

- Antrophic, In-context Learning and Induction Heads. 7



https://transformer-circuits.pub/2022/in-context-learning-and-induction-heads/index.html

1. Introduction — Reverse Engineering Results

Reverse Engineering Results

« Zero layer transformers model bigram statistics.

« One layer attention-only transformers are an ensemble of bigram and “skip-trigram”

(sequences of the form "A... B C") models.

« Two layer attention-only transformers can implement much more complex algorithms using

compositions of attention heads.



1. Introduction — Reverse Engineering Results

Zero Layer Transformer

« Zero layer transformers model bigram statistics.
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 Since there is no interaction between tokens, the task becomes a bi-gram problem—predicting the

most appropriate next token based solely on the current one.



1. Introduction — Reverse Engineering Results

One Layer Transformer
« One layer attention-only transformers are an ensemble of bigram and “skip-trigram”
(sequences of the form "A... B C") models.

Skip-trigram: [source]... [destination] [out]

Some examples of large entries QK/OV circuit

Source Token Destination Token Out Token Example Skip Tri-grams
“ perfect” “are”, “looks”, “perfect”, “ super”, “ perfect... are perfect”,

"is", " provides” " absolute”, “ perfect... looks super”
“large” “contains”, “using”, “large”, “ small”, “large... using large”,

" specify”, " contain” “very”, “huge” “large... contains small”
“two” “0ne”, "\n “, “has”, “two’, “ three”, " four”, “two... One two”",

“\r\n ”, “One" “five”, “one” “two... has three”
“lambda” “S\V,OHW, R “lambda”, “sorted”, “lambda... $\\lambda”",

W, S\ “lambda”, “operator” “lambda... +\\lambda"
Ilnbspn l[&lr' " \II&H' "}&lr' lfnbsplr' -ID-\IM’ ugtll' "DDOWE”, Ilnbsp”- &nbspﬂ,

g =g “nbs”, “quot” “nbsp... >&nbsp”
“Great” “The", “The", “the", “ Great”, “great”, “Great... The Great”,

“contains”, “/" “Great... the great”

« A skip-trigram pattern refers to cases where a token (e.g., C) is predicted by attending

not only to the previous token (B) but also to a distant earlier token (A). 10



1. Introduction — Reverse Engineering Results

One Layer Transformer

« One layer attention-only transformers are an ensemble of bigram and “skip-trigram”

(sequences of the form "A... B C") models.

Skip-trigram: [source]... [destination] [out]

 In natural language, long-range dependencies are common — a distant token (A) can influence later
tokens (B, Q).
« A one-layer transformer can predict the next token (C) by:
= Referring to the immediately (B — Q), like a model

= Referring to a distant but relevant token (A — C), similar to a skip-trigram pattern

11



1. Introduction — Reverse Engineering Results

Two Layer Transformer

« Two layer attention-only transformers can implement much more complex algorithms using

compositions of attention heads.

Induction Head Behavior
 Induction heads search for a previous occurrence of the current token, and if found, copy

the token that followed it.

Mr and Mrs Dursley, of .. such nonsensel. Mr Dursley was the Present Token
Mr and Mrs Dursley, of .. such nonsense. Mr Dursley was the B Attention

Mr and Mrs Dursley, of .. such nonsense. Mr Dursley was the M Logit Effect
Mr and Mrs Diiley, of ... such nonsense. Mr D@iiSley was the

Mr and Mrs Dﬁ, of ... such nonsense. Mrm was the

Mr and Mrs Dursley, of ... such nonsense. Mr Dursley was the

Mr and Mrs Dursley, of ... such nonsense. Mr Dursley was| the

Induction Head - Example 2

the Potters. Mrs ... the Potters arrived ... the Potters had ... keeping the Potters away; they
the Potters. Mrs ... the Potters arrived ... the Potters had .. Kkeeping the Pot- away ; they
the Pottersi Mrs ... the Potters arrived ... the Potters had .. keeping the Potters away; they
the Potters. Mrs ... the Potters arrived ... the Potters had .. keeping the Potters away; they
the Potters. Mrs ... the Potters arrived ... the Potters had .. keeping the Potters away; they 12




1. Introduction — Reverse Engineering Results

Two Layer Transformer

« Two layer attention-only transformers can implement much more complex algorithms using

compositions of attention heads.

I

jPrevious token

h

head

Induction
head

13



2. Transformer Overview

14



2. Transformer Overview — Residual Stream

Transformer (Vaswani et al., 2017) Transformer (Elhage et al., 2021)
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« This figure represents author’s perspective on the Transformer architecture.



2. Transformer Overview — Residual Stream

Transformer (Vaswani et al., 2017)
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« Both the attention and MLP layers each “read” their input from the residual stream.

* And, then "write” their result to the residual stream by adding a linear projection back in.

Transformer (Elhage et al., 2021)
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2. Transformer Overview — Residual Block

logits
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The final logits are produced by applying the unembedding.
T(t) = WU:L‘_l

An MLP layer, m, is run and added to the residual stream.
Tiro = Tiv1 + m(Tii1)
Each attention head, h, is run and added to the residual stream.

rit1 = &y + ZhEth(a}i)

Token embedding.
Loy — WEt

Wy : V X dmodel
Z; : dyoder X 1
Wg : diodet XV
t:Vxl1

One
residual
block
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2. Transformer Overview — Virtual Weights

residual stream residual stream

Layers can interact by
writing to and reading
from the same or

Layers can delete
information from

residual g“ﬁggggg‘sg e the residual
. u - y Layer | stream by readin
stream subspace  \rite to and read from T subsga{:e anﬂ

disjoint subspaces,
they won't interact.
Typically the spaces
only partially overlap.

then writing the
negative verison.

Residual stream:
* is high-dimensional, (e.g., Llama 8B: 4096, 70B: 28,672) and can be divided into different subspaces.

- allows different components to move information efficiently by operating in distinct or shared

subspaces.

18



2. Transformer Overview — Virtual Weights

The residual stream is modified by a sequence Because all these operations are linear, we
of MLP and attention layers “reading from” and can “multiply through” the residual stream.
“writing to” it with linear operations.
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I 2. Transformer Overview — Attention Heads are Independent and Additive
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- Jay Alammar, The Illustrated Transformer.



https://jalammar.github.io/illustrated-transformer/

2. Transformer Overview — Attention Heads are Independent and Additive

H h h h: h.
W || = W, W, ] e = ) Wt
i
1) Concatenate all the attention heads 2) Multiply with a weight
hy h h h h h hy hsg matrix W" that was trained
r P2 el pla L opTs T r jointly with the model

X

3) The result would be the ~ matrix that captures information
from all the attention heads. We can send this forward to the FFNN

- Jay Alammar, The Illustrated Transformer.

L1l


https://jalammar.github.io/illustrated-transformer/

2. Transformer Overview — Attention Heads are Independent and Additive

Wi | = wl Wl e = S Wl

« Specialized Attention Heads:
= Previous Token Heads
= Copying Heads

= Induction Heads

« While the idea that attention heads are independent and additive may seem
unimportant at first, it provides a powerful lens:

« Transformer behavior emerges from the composition of specialized heads, each

performing distinct and meaningful roles.

22



2. Transformer Overview — Tensor Product

« Understanding the tensor product is essential for analyzing how Transformers apply

attention across positions and dimensions.

T = IdeWy - (Id+ZA"®W3V) : (Id+ZAh®W3V> - Id® Wg

heH, heH,
= The second attention The first attention
R layer has multiple layer has multiple
et attention heads attention heads
which add into the MEE which add into the
residual stream residual stream .
hy Ah h h
= Id® WyWg + ), A" (WyWiyWe) + ) ) (AhAM) @ (WuWg5, Wi, W)
h € HHUH> h, € Hy hy € Hy
B “Direct path” B The individual attention head terms B The virtual attention head terms correspond to
term B describe the effects of individual = V-composition of attention heads. They function
contributes : attention heads in linking input : a lot like individual attention heads, with their
to bigram tokens to logits, similar to those we [ own attention patterns (the compositon of the
mm Statistics. mm Saw inthe one layer model. mm heads patterns) and own OV matrix.

« Tensor Product multiplies per position or

23



2. Transformer Overview — Tensor Product

« A product like | Id ® Wy with identity on the left) represents multiplying each

position in our context by a matrix. (per position)

1-Wy 0 0
d;@Wy=| 0 1-Wy 0
0 0 1-Wy

24



2. Transformer Overview — Tensor Product

« A product like A ® Id with identity on the right) represents multiplying
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2. Transformer Overview — Tensor Product
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2. Transformer Overview — Tensor Product

« A product like A ® Id with identity on the right) represents multiplying
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0.1Vh3 + 0.3Vhs + 0.6Vas
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2. Transformer Overview — Tensor Product

« Mixed-product property

« Attention Layer

h(z)

(A® B)(C® D) = (AC) ® (BD)

e Wy) - (A®Id) -  (Id®Wy)
Project result Mix value vectors Compute value
vectors out for across tokens to vector for each
each token compute result token

(h(z); = Wor;) vectors (v; = Wya;)

(rs = > Aijv;)

hz) = (A ® WoWy) -

A mixes across tokens while
Wo Wy acts on each vector
independently.

28



3. Zero-Layer Transformers

29



3. Zero-Layer Transformers

Logit
Bigram Model = p(w;|w;_q)

Logits = Wyx,

unembed

« Model cannot move information from other token

« WyWg: Approximate bigram log-likelihood

‘o = Wit  "Direct path": token embedding flows directly down the
residual stream to the unembedding

« "Barack” is often followed by “Obama”

tokens t

Logits = W yWgt



4. One-Layer Transformers



4. One-Layer Transformers — Overview

« Ensemble of a bigram model and several “skip-trigram” models

 Skip-trigram models: ("A...BC")
« Attend from the present token(“B”) to a previous token (“A") and copy

information to next tokens (“C")

Attend

Copy

32



4. One-Layer Transformers — One-Layer

logits

T

unembed

&

®

R

o

embed

tokens

The final logits are produced by applying the unembedding.
T(t) — WULIZ'l

Each attention head, h, is run and added to the residual stream.

1T = Iy -+ Zh(.’ﬂ{))

heH

Token embedding.
Lo = WEt

33



4. One-Layer Transformers — The Path Expansion Trick

— h h
T = WeWw, - (Id+ ZAh@)WSV) . Ao Wg = Ide WyWg E A" @ (WyWayWEg)
heH, he H
B The token The attention layer The token
unembedding has multiple heads. embedding WS “Direct path” M The attention head terms describe the
maps residual mmm  Theresultof eachis maps tokens to term effects of attention heads in linking input
stream vectors | addedinto the residual stream tribut tokens to logits. A*describes which
to logits. residual stream. mn Vectors. contributes - s e
to bigram tokens are attended to while Wy Wg, Wk

g Statistics. describes how each token changes the
logits if attended to.

where A" = softmax* ( tT. WEWSKWE -1 )

Zero-layer
Softmax with Attention pattern logits
autoregressive are produced by Tra nSfOt‘me r
masking m--m  Multiplying pairs of
‘ ' tokens through
H i h
m o ifferentsides of Wiy « Sum of end-to-end path

« A product like A ® W multiplies the vector at each position by W and across positions with A. It doesn't matter
which order you do this in.

« The products obey the mixed-product property (A ® B) - (C ® D) = (AC) @ (BD).

34



4. One-Layer Transformers — Query-Key and Output-Value Circuits

A" @ (WyWgh, W) where A" = softmax(t” - Wi Wg Wy - t)

Two [nygcab Nyocab] Matrices

The OV (‘output-value”)  w  WT W(SIKWE ("Query-Key(QK) circuit”) : how much a

circuit determines how
attending to a given
token affects the logits

WuWoWyWEg = WyW8,Wg (“Output-Value(OV) circuit”) : how a given

query token “wants” to attend to a key token

token will affect the output logit if attended to

circuit controls which

tokens the head prefers Logits are a linear function of the tokens
0 attena to.

Wy
W
@EE E The QK (“query-key”) = “Frozen” attention pattern
W

WEWoWgWg

(@
w
—+

src

35



4. One-Layer Transformers — Skip-Trigrams

Skip-Trigram: [source]... [destination][out]

Copying / primitive in-context learning

Other interesting skip-trigrams

Primarily positional attention heads

Skip-trigram “Bugs”

36



4. One-Layer Transformers — Skip-Trigrams: Copying

« Dedicate an enormous fraction of their capacity to copying
« The OV circuit set things up so that tokens, if attended by the head,

increase the probability of that token and similiar tokens

Attend

Copy

37



* Fixed source token

4. One-Layer Transformers — Skip-Trigrams: Copying .

Largest QK entries (destination)

. .. e L t OV entri t
Some examples of large entries QK/OV circuit arges entries (out)

Source Token Destination Token Out Token Example Skip Tri-grams

“ perfect” “are”, “looks”, “ perfect”, " super”, “ perfect... are perfect”,
“is", " provides” “absolute”, “ perfect... looks super”
“large” “contains”, “using”, “large”, “ small”, “large... using large”,
“ specify”, “ contain” “very”, " huge” “large... contains small”
“two" “0One”, “\n ", “has”, “two’, " three”, “ four”, “two... One two’,
“\r\n %, “One” “five”, “one” “two... has three”
“lambda” “S\W,OHAWW, Y “lambda”, “sorted”, “lambda... S\\lambda”, LaTex
“(W, S\ “lambda”, “operator” “lambda... +\\lambda"
ﬂnbsp" ll'&-“" ({4 \Il&"' ﬂ}&ll‘* Hnbsplf, II'U"I li’ Il'g_ti.lJ flUDO-] 2”' llnbsp... &nbspﬂj
.ll:_‘:.&ﬂJ ":&” -ranu, “qUOt” H’nbsp‘.. }&nbspﬂ HTML
“Great” “The", “The", “the’, “Great”, " great’, “Great... The Great’,

“contains”, “/"

“poor”, “Every”

“Great... the great”

38



. One-Layer Transformers — Skip-Trigrams: Primitive In-context learning

« Tokenizers typically merge spaces onto the start of words (“ Ralph”)
* Less common words
« common to map to a single token when a space is in front of them
(“ Ralph” -> [“ Ralph”])
« split when there isn't a space (“Ralph” -> [“R”, “alph”])
« Can observe attention heads which handle copying for words that split into two tokens
without a space
« When observing a fragmented token, then attend back to complete tokens with a space and
then predict the continuation
* Kind of mimicking the induction heads ([A][B]...[A][B])

o Ralphll IIR”

[ab] [a] [b]

39



4. One-Layer Transformers — Skip-Trigrams: Primitive In-context learning

More examples of large entries QK/OV circuit

Source Token Destination Token Out Token Example Skip Tri-grams
“indy” “c", "C", "V, “indy”, “obby”, “INDY”", “indy... Cindy”",
l'.lv", i R"l i CJ.l ”ID}fd" lf'indy+'. CIN DY"
“Pike” “P" P, VT, “ike", "ikes”, “ Pike... Pike",
HSpM’ ir VIJJ l'.I'RH "iShing”j “DWIEr” [} Pike“‘. Spikesﬂ
“ Ralph” “R*, “R", “P7 “alph”, “ALPH", “obby”, “Ralph... Ralph”,
P,V “erald” “Ralph... RALPH"
i Llﬂyd" "L", ] LJ.Il i P"' "IDYd"' “E]|ph”, H\n J.lr T Llﬂyd,” Llﬂyd"l
“P", “R", “C”" “acman”, ... “atherine” “Lloyd... Catherine”
“ Pixmap” “P", “Q" P “ixmap”, "Canvas”, “ Pixmap... Pixmap”,
“p", “U” “Embed”, “grade” “Pixmap... QCanvas”

40



4. One-Layer Transformers — Skip-Trigrams: Primitive In-context learning

Primitive In-Context Learning Patterns

[b]...[a]~ [b] [b]...[a] - [b] [ab...[a] - [b] [abl...Ja] - b’

[ two)...[ One] —[ two] [ two)...[ has] —[ three] [Ralph]...[ R]—[alph] [Ralph]...[ R]—[ALPH]
[ perfect]...[ are] —[ perfect]  [perfect]...[ looks] —[ super]  [Pike]...[ P]—[ike] [Pike]...[ P]—[ikes]
[nbsp]...[ & — [nbsp] [nbspl...[ & —[gt] [Pixmap]...[ P]—[ixmap]

lambda]...[ $\]~[lambda]  [lambda]...[ $\] - [operator] | Lloyd]..[LI=[loyd]

« More interesting and powerful algorithm in two-layer transformer

41



4. One-Layer Transformers — Other interesting skip-trigrams

» [Python] Predicting that the python keywords else, elif and except are more
likely after an indentation is reduced using skip-trigrams of the form:
\n\t\t\t .. \n\t\t - else/elif/except where the first partis indented N
times, and the second part N — 1, for various values of IV, and where the whitespace

can be tabs or spaces.

e [Python] Predicting that open() will have a file mode string argument:
open .. "," - [rb / wb / r / w] (forexample open("abc.txt","r"))

e [Python] The first argument to a function is often self : def .. ( » self (for

example def method _name(self):)

e [Python] In Python 2, super isoftenusedtocall .__init__ () after being
invoked on self: super .. self - ).__ (for example

super(Parent, self).__init__())

42



4. One-Layer Transformers — Other interesting skip-trigrams

e [Python] increasing probability of method/variables/properties associated with a
library: upper .. . - upper/lower/capitalize/isdigit,
tf .. . » dtype/shape/initializer,
datetime.. - date / time / strftime / 1soformat,
QtWidgets .. . » QtCore / setGeometry / QtGui,
pygame .. . -» display / rect / tick

e [Python] common patterns

for... in [range/enumerate/sorted/zip/tqdm]
e [HTML] tbody is often followed by <td> tags: tbody .. < -» td

e [Many] Matching of open and closing brackets/quotes/punctuation:
(kk we X » xx), (" W X> "), "% .. X>%", '</ .. X>>" (see32
head model, head 0:27)

43



4. One-Layer Transformers — Other interesting skip-trigrams

e [LaTeX] In LaTeX, every \left command must have a corresponding \right
command; conversely \right canonly happen aftera \left . As aresult, the
model predicts that future LaTex commands are more likely to be \right after

\left: left .. \ » right

¢ [English] Common phrases and constructions (e.g.
keep .. [in - mind / at - bay / under - wrapsl],

difficult .. not -» impossible)

* For a single head, here are some trigrams associated with the query "' and" :
back and - forth, eat and - drink, trying and - failing,
day and - night, far and - away, created and - maintained,
forward and - backward, past and - present,
happy and - satisfied, walking and - talking,
sick and - tired, ... (see 12 head model, head 0:0)

e [URLs] Common URL schemes: twitter .. / -» status,
github .. / » [issues / blob / pull / master], gmail .. . » com,
http .. / - [www / google / localhost / youtube / amazon],
http .. : - [8080 / 8000] , www .. . » [org / com / net]



4. One-Layer Transformers — Recap

Zero-layer transformer (Bigram log-likelihood)
One-layer transformer (Skip-Trigram)

« Copying / primitive in-context learning

* Other interesting skip-trigrams

* Primarily positional attention heads
 Skip-trigram “Bugs”

Skip-Trigram: [source]... [destination][out]
Attend

Copy

45



4. One-Layer Transformers — Primarily positional attention heads

Some examples of large entries QK/OV Circuit for Primarily Positional Heads

Source Token Destination Token Out Token Examples

“ corresponding” Primarily “to”, "to”, " for”, “ corresponding to”,
Positional “markup”, “ with” “ correspoding with”

“coinc” Primarily “with", “ closely”, “coinc with”,
Positional “with", " con” “ coinc closely”

“couldn” Primarily “resist”, “ compete”, “couldn|1] resist”,
Positional “ stand”, " identify” “couldn|1] stand”

“shouldn” Primarily “have”, “ be”, “shouldn|t| have”,
Positional " remain’, “ take” “ shouldn|'t| be”

« Attends to the present token or the previous token
» Wqk works like the rotational matrix

« (Can select for any relative positional offset by rotating the dimensions

containig sinusoidal information



4. One-Layer Transformers — Skip-trigram “Bugs”

« Skip-trigram in a “factored form” split between the OV and QK matries
« Representing a function f(a,b,c) = f;(a,b) f,(a, c)
« Can’t capture the three way interaction flexibly
« head increases the probability of both keep ... in mind and keep ... at bay
« must also increase the probability of keep ... in bay and keep ... at mind

« An early demontration of using interpretability to understand model failures
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4. One-Layer Transformers — Skip-trigram “Bugs”

Limited Expressivity Can Create Bugs which Seem Strange from the Outside

“Bug” Skip Tri-grams

“ Pixmap... PCanvas”

“Bug” Skip Tri-grams

“Lloyd... Cloyd",
“ Lloyd... Latherine”

“Bug” Skip Tri-grams

Source Token Destination Token Out Token “Correct” Skip Tri-grams
" Pixmap” “PY, "Q% "P “ixmap”, "Canvas’, " Pixmap... Pixmap’,

“p", “U” “‘Embed”, “grade” “ Pixmap... QCanvas”
Source Token  Destination Token Out Token “Correct” Skip Tri-grams
“ Lloyd” LY, L, P “loyd”, “alph’, "\n ”, “Lloyd... Lloyd”,

.rfp_nJ l.rRu'jl 1] Cu “aC[T"an”j ”a‘[hemne” 1] Lloyd“. Catherlneu
Source Token  Destination Token Out Token “Correct” Skip Tri-grams
7] keep" i inul T a‘t"' i Dutu‘ o bayﬂj i [T_liﬂduJ i kEEp,” il'] mirld",

“under”, " off” ... "wraps” “keep... at bay”,

“ keep... under wraps”

“keep... in bay’,
“keep... at wraps’,
“keep... under mind”

« Early demonstration of using interpretability to understand model failures
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4. One-Layer Transformers — OV/QK Matrices

Qualitative analysis -> Quantitative analysis

How do we automatically detect copying heads?
« OV and QK matrices are extremely low rank
« 50,000 x 50,000, but rank is 64 or 128
« Reveals hints of much simpler structure
 Like cluster structure

« Copying behavior is widespread

=> Eigendecomposition
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4. One-Layer Transformers — OV Matrices Eigendecomposition
Mv; = A;v;
v; = eigenvector A; := eigenvalue
M = WyWeyWg

v; = aqty +at, +---+ a,t,

If A; is a postive real number, there’s a linear combination of tokens which increases the linear

combination of logits of those same tokens
« A set of tokens mutually increase their own probability
« Tokens with Plural words

- Tokens starting with a given first letter
« Eigenvectors have both positive and negative entries => there are two sets of tokens

* Increase probability in the same set Copying requires A; to be positive
« Decrease probability in those other set .



|4. One-Layer Transformers — OV Matrices Eigendecomposition

Eigenvalue analysis of first layer attention head OV circuits

10/12 of layer 1 heads have mostly positive OV eigenvalues,
and appear to significantly perform copying

We use a log scale to represent magnitude,

o e . w e . e = 5 since it varies by many orders of magnitude.
RO - S8 e @: . F -- - - '
\ 4 2/ v [\ (A Eigenvalue distribution
\‘;\ T Xy N\ P N\ L N\ A N\ v for randomly initialized
~_ ~_ S~ ~_1 iy weights. Note that the
= _E = Jpn- _E mostly — and in some
= Y = s . X p B cases, entirely— positive ’
[ i S / / S/ eigenvalues we observe /
JUFLSTLL ..|' ; ] . I 1R R are very different from —
| e yis \ \ \&/ what we randomly expect.
\ e .t ) / \ ‘ \ ,, .._.\ J
A, . . / A\H i :}\H: :.\\‘ .;/A' A“‘--..% ) e

non-positive eigenvalues
“*— ot copying heads?

positive eigenvalues
copying heads? —
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|4. One-Layer Transformers — OV Matrices Eigendecomposition

Number
of Heads

Histograms of attention heads

0 T T T
=1.00 =0.75 =0.50 =0.25 0.00 0.25

0.50

Histograms of
attention heads by
the fraction of their
eigenvalues that
are positive can be
a useful summary.
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4. One-Layer Transformers — OV Matrices Eigendecomposition

« Author is not fully sure of eigenvalue-based summary statistic
» Positive eigenvalue -> might not mean copying matrix
« Map some token to decreasing the logits of that same token
- “Copying on average”
« Detecting “Copying Matrices” by other ways
- Diagonal of OV matrix: how each token affects its own probability
 Positive-leaning T

* TI'(M) = in=1 dji = in=1 }\i

a1




5. Two-Layer Transformers



Contents of Two-Layer Transformers
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5. Two-Layer Transformers — 1) Recap One-layer Transformers

Some examples of large entries QK/OV circuit

Primitive In-Context Learning Patterns

Source Token

Destination Token

Out Token

Example Skip Tri-grams

“ perfect”

“ specify”, “ contain”

“large” “ contains”, “using”,
“two” “0One”, “\n ", “has”,
“\r\n "
“lambda” “S\V,
u(\\u'
"nbsp” ngr w\rgr
“gr
“Great” “The”, “The”, *

“ contains”, “/"

“are”, “looks”,
“is", “ provides”

“ perfect”, “ super”,
“absolute”,

“large”, “small”,
“very”, “huge”

“ '[WO", “ three", “four”,
“ ﬁve", “ one”

“lambda”, “sorted”,
“lambda”, “operator”

“nbsp”, “01”, “gt”, “00012",

“nbs”, "quot"

“ Great”, “great”,
“poor”, “Every”

“ perfect... are perfect”,
“ perfect... looks super”

“large... using large”,
“large... contains small”

“two... One two”,
“two... has three”

“lambda... $\\lambda”,
“lambda... +\\lambda”

“nbsp... &bsp”,
“nbsp... >&nbsp”

“Great... The Great”,
“Great... the great”

[b]...[a] —[b]

[b]...[a] —[b]

[ab]...Ja]—[b] [ab]...[a] = [b]

[two]...[ One] —[ twa]

[ perfect]...[ are] [ perfect]
[nbsp]...[ & — [nbsp]
[lambdal...[ $\\]—[lambda]

Copying!

[ twol...[ has]—[ three]
[ perfect]...[ looks] [ super]

[nbspl...[ 8]~ [gt]
[lambdal...[ $\\] - [operator]

[Ralph]...[ Rl—lalph]
[Pike]...| P]—[ike]
[Pixmap)...[ P]— [ixmap]
[ Lloyd]...[ L] —[loyd]

[Ralph]...[ R]—[ALPH]
[Pike]...[ P]—[ikes]
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5. Two-Layer Transformers — 1) Recap One-layer Transformers

o
-
'

The OV (“output-value”)
circuit determines how
attending to a given
token affects the logits.

WyWoWy Wg

The QK (“query-key”)
circuit controls which
tokens the head prefers
to attend to.

Wy WoWgWg

-> Increase the probability of
the attended token and similar
tokens to a lesser extent

-> Attends the token that could
plausibly be the next token
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5. Two-Layer Transformers — 2) What happens with a Two-layer Transformer

Attention Pattern Attention Heads (hover to focus, click to lock)

L
LN 07

™
N
N Mr and Mrs Dursley, of .. such nonsense. Mr Dursley was the L PresentToken
LN Mr and Mrs Dursley, of .. such nonsense. Mr Dursley was the B Attention
\\\ Mr and Mrs Dursley, of ... such nonsense.E’ Dursley was the B Logit Effect

1N Mr and Mrs Dfillley, of ... such nonsense. Mr ley was the

Mr and Mrs Dursi, of .. such nonsense. Mr D was the

Mr and Mrs Dursley, of ... such nonsense. Mr Dursley was the

Tokens (hover to focus, click to lock) |source « destination (destination attention when none selected}v| Mr and Mrs Durs Iey, of ... such nonsense. Mr Durs IeyTas the

<START=> Mr and Mrs DF‘.U_ of number four. Privet Drive. were nroud to sav that thev

were perfectlv normal. thank vou verv much. Thev were the last neople vou'd expect to Induction Head - Example 2

be involved in anvthina stranae or mvsterious. because thev iust didn't hold with such

nnngpng@_murqlgv was the director of a firm ralled Grunninas. which made drills. He the Potters. Mrs ... the Potters arrived ... the Potters had ... keeping[the‘Potters away ,; they
was a bia. beefv man with hardlv anv neck. althouah he did have a verv larae the Potters. Mrs ... the Potters arrived ... the Potters had .. keeping the Pot- away; they
moustache. Mrs Durslev was thin and blonde and had nearlv twice the usual amount of the Pottersi Mrs ... the Potters arrived ... the Potters had .. keeping the Potters away; they
neck. which came in verv useful as she snent so much of her time cranina over aarden the Potters. Mrs ... the Potters arrived ... the Potters had .. keeping the Potters away; they
fences. spvina on the neiahbours. The Durslevs had a small son called Dudlev and in the Potters. Mrs ... the Potters arrived ... the Potters had .. keeping the Potters away; they

their oninion there was no finer bov anvwhere. The Durslevs had evervthina thev wanted,
but thev also had a secret. and their areatest fear was that somehodv would discover it.
Thev didn't think thev could bear it if anvone found out about the Potters. Mrs Potter
was Mrs Durslev's sister. but thev hadn't met for several vears: in fact. Mrs Dursley
nretended she didn't have a sister. hecalse her sister and her aood- for-nothina
husband were as unDurslevish as it was possible to be. The Durslevs shuddered to think
what the neiahbours would sav if the Potters arrived in the street. The Durslevs knew
that the Potters had a small son. too. but thev had never even seen him. This hov was
another aood reason for keeping the Potters away; they didn't want Dudley mixing with a
child like that.

the attention patterns with attention weights scaled by ||v5f?rc|

-> how big a vector is moved from each position?
-> See how useful it consider each source token 59



5. Two-Layer Transformers — 2) What happens with a Two-layer Transformer

Attention Pattern (1:8) Attention Heads (hover to focus, click to lock)

RS

. 12

Tokens (hover to focus, click to10ck) go4rce — destination (destination attention when none selected) v |

<START> <21549> <15231>NEIB0B8 <5012> <5767> <2493> <7192>
<17468> <6215> <14329> <4652> <8828> <36539> <10496> <38416>
<5550> <7671> <15553> <35140> <39966> <21549>[<15231> k13963]
<5012> <5767> <2493> <7192> <17468> <6215> <14329> <4652> <B8828>
<36539> <10496> <38416> <5550> <7671> <15553> <35140> <39966>
<21549> <15231> <1396> <h012> <h767> <2493> <7192> <17468>
<6215> <14329> <4652> <B8828> <36539> <10496> <38416> <5550
<7671> <15553> <35140> <39966>
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5. Two-Layer Transformers — 3) Overview of Induction head

What is the difference between copying and induction?

« Copying
- Happens when tokens are plausible in terms of bigram-ish statistics

« Looking for places it might be able to repeat a token

* Induction
« Looks like an algorithm that doesn't depend on learned statistics about whether one token can
plausibly follow another
 Integrating the information about the context of the token by considering how the token was

previously used and looks out for simliar cases
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5. Two-Layer Transformers — 3) Overview of Induction head

Induction head

search previous examples of A" in the context
if not find:
attend to the <START> token
if find:
look at the next token B in previous case

copy the B to predict the next token B

Attend!

Induction Head - Example 1

such| nonsense. Mr Dursley was the

Mr and Mrs Durs
Mr and Mrs Durs

Mr and Mrs Durs
Mr and Mrs Durs

Mr and Mrs Dursley, of

ley,
ley,

Mr and Mrs D-Iﬁ,

ley,

Mr and Mrs Dursley, of

of .. such nonsensel Mr Dursley was the
of .. such nonsense. Mr Dursley was the
of .. such nonsense. Mr D@ii§lley was the
of .. such nonsense. Mr Dursj@yj was the
of .. such nonsense. Mr Dursley was the

such nonsense. Mr Dursley was the

the Potters. Mrs
the Potters. Mrs
the Pottersk Mrs
the Potters. Mrs
the Potters. Mrs

Induction Head - Example 2

the Potters arrived
the Potters arrived
the Potters arrived
the Potters arrived
the Potters arrived

the Potters had
the Potters had
the Potters had
the Potters had
the Potters had

Present Token
B Attention
B Logit Effect

keeping| the Potters away;
keeping the Potliil] away ;
keeping the Potters away ;
keeping the Potters away;
keeping the Potters away;

they
they
they
they
they

Copy!
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5. Two-Layer Transformers — 4) How Induction heads work

out about the Potters. Mrs Potter was ... neighbours would say if the:P:S arrived in

attention pattern moves information logit effect

out about the Potjill. Mrs Potter was ... neighbours would say if the|Potlters arrived in

key query
out about the ers. Mrs Potter was ... neighbours would say if the ters arrived in

Mr and Mrs Dursley, of number .. with such nonsense. Mr Djjjijley was the

attention pattern moves information logit effect

Mr and Mrs Djillley, of number ... with such nonsense. Mr| Djursley was the

key . query
Mr and Mrs@8ursley, of number ... with such nonsense. ursley was the
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5. Two-Layer Transformers — 4) How Induction heads work

b
k
'
wi
:

OV circuit

- Increase the probability of the attended
token and similar tokens in to a lesser
extent

QK circuit

—Attendsthe token-thatcould-claasicly
bothonodieken

-> Find the same matching and attend to

the next token of previous use case
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I 5. Two-Layer Transformers — 4) How Induction heads work

How o a-lmler transformer leams the world "burs|et/" ( tokenized as LD, "urs”, "|et/"] ) in-context.
Key Por different subspaces in the residual stream, and how the model interprets them:

= rows of Wg

= rows of Weos

| = cols of Wy

= "ntermediate information’

K 'QOmPostt?on next token prediction is "urs”
(the common one) apply unembeding mactcix )

Tan"D" searches for

......................................

is converted to
and moved to the destination token,
ready to be read by second layer.

fomcmmccemccas

_______________________________________




5. Two-Layer Transformers — 4) How Induction heads work

Induction head

« As the depth increases, composition of attention heads appears

« Residual stream conveys sum of all the outputs of attention heads and the direct path

» Consequently, Wy, Wy, Wy, of 29 layer reads in a subspace of this composed residual stream

heH; h
Cox® = (1d®1d®wg + ) AMeId® (qu,WE)T> . dRdeWok - (Id@ld@WE +> Id®A’“‘®W(')'§,WE)
hy€H, hie Hy

The "query side” residual stream at the start Wk of the The "key side” residual stream at the start
of the second layer contains both the layer 1 m -m second layer of the second layer contains both the layer

direct path and layer 1 attention heads. All head combines 1 direct path and attention heads. All
B terms are of the form ...@Id®... because both sides into m terms are of the form Id®... because they

am they don't move key information. attention scores =1 don’t move query information.

Welde (WEWiWe)  + Y Avelde (WEWR WhWe) + 3 e (WEWeLWiWs) + 3 3 Ao Ao (WEWs WaWsWs)

huCHl hieHy hqgﬁl hyeH,
The no compeosition These terms correspond to pure These terms correspond to pure These terms are interactions between both
m -m term. Bothfirst layer p - m Q-composition. A previous attention m m  K-composition. A previous O Q-conflposmon‘and K-composition. A previous
' follows the direct head is used to generate the query attention head is used to generate attention head is used to generate the query and key
path on both the key B side, but the key side is the first ] part of the key, but the query side B N sides.

s mm @ndquery side. o layer direct path. < 8 is the first layer direct path. .
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5. Two-Layer Transformers — 5) Compositions

Composition

« Q-Composition
» W, projects (reads in) a subspace affected by a previous head
« Use the context to figure out what the right source token is
« K-Composition
« Wy projects (reads in) a subspace affected by a previous head
« Use the context and intelligence to figure out where to get the information from
« V-composition
« Wy, projects (reads in) a subspace affected by a previous head

« Figure out the information that is more meaningful than just the token at that position
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5. Two-Layer Transformers — Revisit Read and Write

The residual stream is modified by a sequence
of MLP and attention layers “reading from" and
“writing to” it with linear operations.

Each layer “writes” to the residual

3 stream by adding a linear
@—@Erojection of its results.

2
Each layer “reads”
from the residual stream
with a linear projection.

Keep in mind that all outputs are summed in the residual stream!

Write (Embed)

* Hidden dimension (small) -> residual dimension (big)

* The model chooses a set of directions in residual stream and write
the information to those

Read (Project)

* Residual dimension (big) -> hidden dimension (small)

* The model focuses on meaningful directions

* By aligning directions with W, , the model only reads in the
information it really cares about in the sea of information
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5. Two-Layer Transformers — Revisit Read and Write

WoWy governs which information is read from the source token and how it is written to the destination

token A token B
residual stream residual stream

Attention heads copy information from the residual stream of
one token to the residual stream of another. They typically write
to a different subspace than they read from.

h(z) = (Id® Wo) - (A®Id) -
Project result vectors Mix value vectors
out for each token across tokens to
(h(z); = Wor;) compute result

vectors
(ri =32, 4ijv;)

A mixes across tokens while

Wo Wy acts on each vector
independently.

(Id® Wv) S

Compute value
vector for each token
(’U,‘ = ‘VV:I,‘;‘J
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5. Two-Layer Transformers — 5) Compositions

Composition

« Q-Composition
» W, projects (reads in) a subspace affected by a previous head
« Use the context to figure out what the right source token is
« K-Composition
« Wy projects (reads in) a subspace affected by a previous head
« Use the context and intelligence to figure out where to get the information from
« V-composition
« Wy, projects (reads in) a subspace affected by a previous head

« Figure out the information that is more meaningful than just the token at that position
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5. Two-Layer Transformers — 5) Compositions

Q-Composition
000000000000

000000000000

.Wgz - Wffz_z _ng _ng ®

| hzT h1 |

K-Composition
000?0000 oo @

000000000000

hoT yx7h h h
||WQ2 W}'gWOl ‘4/‘/l “F

V-Composition
000000000OCGCOFS

This is the correct measure of composmon The most

important term is the product of wjzand )y (« = - - ):
which detects that the key of h, is built from the output of hA;.

le

Q-composition -

WWHH
QK F F

K-composition - “ ” “ ”

le

V-composition - “ ” “ ||
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5. Two-Layer Transformers — 5) Composition

Wo Wy governs which information is read from the source token and how it is written to the destination

-> Wy governs the subspace of the residual stream which the attention head reads in and write to

Let’s decompose Wy with SVD
Woy = UZV

2: only a subset of diagonal elements are non-zero

I': which subspace of the residual stream being attended to
project (align) information it really cares about

U: which subspace of the destination residual stream
embed (align) a chosen set of directions in residual stream
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5. Two-Layer Transformers —5) Compositions

thTwhz Whl Wh}
Wo W Wo' Wy ||r L\)&k,wov e {Qd'mxd'm Wek = Dlak Sex Vex

‘Wgz—Wﬁ? —ng —W{,“ » This is the correct measure of composmon The most

important term is the product of wjz and W)y (- - ), 0,5,V € [R mx Wov = Uovgov\/ou'
which detects that the key of hsis bU|It from the output of hy. e
||Wh2W | || hzT h1 |
K- COI’T]pOSItIOI’\ Q compOSItlon hz T
il lwas "I [lwasl,
i
l\ l/\)QK \/\)Dv “F— H L\)QK \/\)Dv “F
= 1| W W Wo Wi lle = | Wi WeWoWyllr
= [T ek Sor Vex Sov SovVoulls = || \/TakS;kU;kU ov Sov\Voulle
= || SokVakavSw\\; = || S:pkl,_\;kuovgov\\ﬁ
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5. Two-Layer Transformers — 4) How Induction heads work

Eigenvalue
positivity of W
in the QK term

deA e W

LA
SN of

rT by
WPJ; WEGKWEJV W_E‘

Loo

075

0.50

0.23

0.00

Second Layer Attention Heads by OV and QK Eigenvalue Positivity

=0.25

=0.50

=0.75%

=1.00 ™ v T T v & T

=1.00 -0.75 =0.50 -0.25 0.00 025 0.50 0.75

Eigenvalue A ‘
positivity of S of WuWouWe
the QV circuit

100

All the induction heads are at the
extreme of OV and QK positivity
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5. Two-Layer Transformers — Term Importance Analysis

Path Expansion of Logits

T = IdWy - (Id+§:Ah®W3V) : (Id+§:A"®W3V) . Id® Wg
heH, heH,
L The second attention The first attention
T 1 layer has multiple layer has multiple
B attention heads attention heads
which add into the !*! which add into the
residual stream residual stream -
hy pAh h h
= e WyWs + Y A (WuWhyWe) + Y Y (AAM) @ (WuWo Woi W)
hEH[UHg hs € Hy hy € Hy
BN “Direct path” B The individual attention head terms B The virtual attention head terms correspond to
term B describe the effects of individual . V-composition of attention heads. They function
contributes ’ attention heads in linking input ~—— alot like individual attention heads, with their
to bigram tokens to logits, similar to those we n own attention patterns (the compositon of the
mm Statistics. mm Saw in the one layer model. mm heads patterns) and own OV matrix.
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5. Two-Layer Transformers — Term Importance Analysis

Type Example  Equation Marginal Loss Reduction Type Example Marginal Loss Reduction Notes
direct path - w,We - 1.8 nats Layer 1 - - 0.05 nats -0.004 nats/head Relatively small effect, but
order 0 relative to uniform predictions ~ Attention relative to direct path + layer 2 keep in mind these heads also
Heads contribute to layer 2 QK
-1.8 nats/term * - 1.3 nats -0.1 nats/head circuits.
(-1.8 nats /1 term) relative to direct path anly
(| 1
individual — A" @ (W Wk W - 5.2 nats ,
attention head - ® (WoWoy We) relative to only using direct Layer 2 = - 4.0 nats -0.3 nats/head we'll focus on these. Much
order 1 . path Attention * relative to direct path + layer 1 larger effect. These heads are
0.2 nats/t Heads a lot more sophisticated than
52 l;gtz fezf;ﬂtermsj - 5.2 nats -0.4 nats/head the layer 1 heads, since they
. ' relative to direct path only can use layer 1 heads in their
- QK circuits.
virtual attention . (A" AN @ (Wi ng, WSJV Wg) - 0.3 nats
head » ' relative to only using above
der 2
oraer - ' -0.002 nats/term
(0.3 nats / 144 terms)
.
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5. Two-Layer Transformers — Virtual Attention Heads

What Are They?
« V-Composition
« Formed by multiplying OV matrices of two attention
« Creates a "virtual head” that behaves like with its own attention pattern
Why Are They Interesting?
 Powerful Compositions
« Let models combine behaviors (e.g., attend to prior tokens, then further refine or shift focus).
« Scalability
« Grow exponentially by composition
« Small Functional Units
« Handle niche tasks without allocating a full, “large” head.
Key Insight

« May be crucial in deeper models, where they offer more flexible and granular attention patterns.
79
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